QUANTUM TEICHMULLER SPACE AND KASHAEV ALGEBRA 



REN GUO AND XIAOBO LIU 



Abstract. Kashaev algebra associated to a surface is a noncommutative de- 
formation of the algebra of rational functions of Kashaev coordinates. For 
two arbitrary complex numbers, there is a generalized Kashaev algebra. The 
relationship between the shear coordinates and Kashaev coordinates induces 
a natural relationship between the quantum Teichmiiller space and the gener- 
alized Kashaev algebra. 



1. Introduction 

A quantization of the Teichmiiller space 7{S) of a punctured surface S was 
developed by Chekhov and Fock [B] [7l H] and, independently, by Kashaev [9l [TOl 
[TT1[T2]. This is a deformation of the C* -algebra of functions on Teichmiiller space 
T{S). The quantization was expressed in terms of self-adjoint operators on Hilbert 
spaces and the quantum dilogarithm function. Although these two approaches 
of quantization use the same ingredients, the relationship between them is still 
mysterious. Chekhov and Fock worked with shear coordinates of Teichmiiller space 
while Kashaev worked with a new coordinate. 

The pure algebraic foundation of Chekhov- Fock's quantization was established in 
[13] (see also [SJE]). In this paper we investigate the algebraic aspect of Kashaev's 
quantization and establish a natural relationship between these two algebraic theo- 
ries. This algebraic relationship should shed light on the two approach of operator- 
theoritical quantization of Teichmiiller space. 

1.1. Quantum Teichmiiller space. Let's review the finite dimensional Chekhov- 
Fock's quantization following [13]. Let S be an oreinted surface of finite topological 
type, with genus g and with p > I punctures, obtained by removing p points 
{vi, . . . , Vp} from a closed oriented surface S of genus g. If the Euler characteristic 
of S is negative, i.e., m := 2g — 2+p > 0, S admits complete hyperbolic metrics. The 
Teichmiiller space T(5) of S consists of all isotopy classes of complete hyperbolic 
metrics on S. 

An ideal triangulation of S* is a triangulation of the closed surface S whose vertex 
set is exactly {vi, . . . , Vp}. Under a complete hyperbolic metric, an ideal triangula- 
tion of S is realized as a proper 1-dimensional submanifold whose complementary 
regions are hyperbolic ideal triangles. William Thurston XL associated to each 
ideal triangulation a global coordinate system which is called shear coordinate (see 
also |3||7j). Given two ideal triangulations A and A', the corresponding coordinate 
changes are rational, so that there is a well-defined notion of rational functions on 
T(5). 
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For an ideal triangulation A and a number q = e'^''' G C, the Chekhov-Fock algebra 
T| is the algebra over C defined by generators X^^, X^"^, . . . , associated to 
the components of A and by relations XiXj — q^^'iXjXi, where the numbers crj^- 
are integers determined by the combinatorics of the ideal triangulation A. This 
algebra has a well-defined fraction division algebra T^. 

As one moves from one ideal triangulation A to another A', Chekhov and Fock 
[3 HI E] (see also [13]) introduce coordinate change isomorphisms *&';^/ : 7\i — > 
which satisfy the natural property that $v'A' ° *^a'a ~ ^\"\ ideal 
triangulations A, A', A". In a triangulation independent way, this associates to the 
surface S the algebra T| defined as the quotient of the family of all T', with A 
ranging over ideal triangulations of the surface 5, by the equivalence relation that 
identifies and 7\, by the coordinate change isomorphism ■ The algebra T| is 
called the quantum TeichmiiUer space of the surface S. It turns out that ^\x' is just 
the corresponding shear coordinate changes. Therefore, the quantum TeichmiiUer 
space Tg is a noncommutative deformation of the algebra of rational functions on 
the TeichmiiUer space T(iS'). 

1.2. Generalized Kashaev algebra. A decorated ideal triangulation of a punc- 
tured surface S is an ideal triangulation such that the ideal triangles are numerated 
and there is a mark at a corner of each triangle. Kashaev ,9j introduced a new co- 
ordinate associated to a decorated ideal triangulation of S. A Kashaev coordinate 
associated to a decorated ideal triangulation is a vector in R^™ which assigns two 
numbers to a decorated ideal triangle. For two decorated ideal triangulation r and 
t' the corresponding coordinate changes are rational. 

For a decorated ideal triangulation r and a number q = e'^^^ G C, Kashaev 
introduced an algebra which is the algebra over C defined by generators Y^^, 
Zf^, . . . , Y^, Z^^ associated to ideal triangles of r and by relations 

YY — YY 

ZiZj = ZjZi, 

YiZj = ZjYi if i ^ j, 

ZiYi — q^YiZi. 

Let %l be the fraction division algebra of 

As one moves from one decorated ideal triangulation r to another t', Kashaev 
[S] introduce coordinate change isomorphisms from to 3C^. Analog to the 
construction of quantum TeichmiiUer space, there is an algebra associated to a 
surface which is independent of decorated ideal triangulations. 

In this paper, we will show Kashaev's construction of coordinate change isomor- 
phisms are not unique. In fact, for two arbitrary complex numbers a, b, there are 
coordinate change isomorphisms from 3C^, to 3C^. And Kashaev's construction is 
the special case of a = ,b = q. For this generalized coordinate change isomor- 
phisms, we also obtain a well-defined noncommutative algebra 3C^(a, 6) associated 
to the surface S which is called the generalized Kashaev algebra. This is stated in 
Theorem [H 

1.3. Relationship between quantum TeichmiiUer space and Kashaev alge- 
bra. To understand the relationship between the quantum TeichmiiUer space and 
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Kashaev algebra, we need to first understand the relationship between shear coor- 
dinates and Kashaev coordinates. Fix a decorated ideal triangulation, the space 
of Kashaev coordinates is a fiber bundle on a subset in the enhanced Teichmiiller 
space whose fiber is an affine space modeled on the homology group Hi{S^ R). This 
is proved in Theorem [9l 

The relationship between the shear coordinates and Kashaev coordinates induces 
a natural relationship between the quantum Teichmiiller space and the gener- 
alized Kashaev algebra 3C|(a, b). We show that there is a homomorphism from the 

quotient algebra T|/((7"^""^'<^ XiX2...X3^) to X^ia, b) if and only if a = 
and b = q'^. This is proved in Corollary [19] and Theorem [20l The result explains 
why we need to look for new construction of coordinate change isomorphisms other 
than Kashaev's construction. 

1.4. Open questions. Hua Bai Ij proved that the construction of quantum Te- 
ichmiiller space T| is essentially unique. The uniqueness of the algebra !JC|(a, 6) 
should be an interesting problem. 

In [SI [in [4] , it is shown that quantum Teichmiiller space 7^ has a rich repre- 
sentation theory and an invariant of hyperbolic 3-manifolds is constructed. The 
representation theory of the algebra 3C|(a, b) should be investigated. 

The motivation of our work is to understand the relationship between Chekhov- 
Fock and Kashaev's operator-theoretical quantization. It is important to find a 
relationship between the two operator algebras involving the quantum dilogarithm 
function. 

2. Decorated ideal triangulations 

Let S be an oriented surface of genus g with p > 1 punctures and negative 
Euler characteristic, i.e., m — 2g — 2+p>0. Any ideal triangulation has 2m ideal 
triangles and 3m edges. 

A decorated ideal triangulation r of S* is introduced by Kashaev [9] as an ideal 
triangulation such that the ideal triangles are numerated as {ti, r2, T2m} and 
there is a mark (a star symbol) at a corner of each ideal triangle. Denote by A(S') 
the set of isotopy classes of decorated ideal triangulations of surface S. 

The set A(S') admits a natural action of the group 62m of permutations of 
2m elements, acting by permuting the indices of the ideal triangles of t. Namely 
r' = ^(t) for a G &2m if its i-th ideal triangle r^' is equal to TQ,(j). 

Another important transformation of A (5) is provided by the diagonal exchange 
(fiij : A(5) — > A(S') defined as follows. Suppose that two ideal triangles Ti,Tj share 
an edge e such that the marked corners are opposite to the edge e. Then ^Pijir) is 
obtained by rotating the interior of the union U tj 90° in the clockwise order, as 
illustrated in Figure [H2). 

The last one of transformations of A{S) is the mark rotation pi : A(5) A(S'). 
Pi (r) is obtained by relocating the mark of the ideal triangle from one corner to 
the next corner in the counterclockwise order, as illustrated in Figure [Ijl). 

Lemma 1. The reindexings, diagonal exchanges and mark rotations satisfy the 
following relations: 

(1) (q;/3)(t) = a(/3(T)) for every a, f3 e 62™; 

(2) (fij o ifij = ai^j, where ai^j denotes the transposition exchanging i and j; 
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Figure 1. 



(3) a o ip^j = (Pa{i)a{j) o a for every a G 62™," 

(4) (p^j o (pkiir) = ipki o (Pij(t), for {i,j} ^ {k,l}; 

(5) // three triangles Ti,Tj,Tk of an ideal triangulation t S A(S') form a pen- 
tagon and their marked corners are in the location as in Figure\^ then the 
Pentagon Relation holds: 

where ujf_,^ = o Vm'' ° Pt^' 

(6) Pi o pi o pi^ Id; 

(7) Pi o pj = pj o Pi; 

(8) a o Pi = Pi o a for for every a G 62m- 




Figure 2. 

The lemma can be proved by drawing graphs. 
Remark. Lemma [1] is essential contained in Kashaev [10] where ujij is used as the 
diagonal exchange. 

The following two results about decorated ideal triangulations can be easily 
proved using Penner's result about ideal triangulations |15j . 

Theorem 2. Given two decorated ideal triangulations t,t' G A (5), there exists a 
finite sequence of decorated ideal triangulations r = rjo), T(i), . ■ . , T(n) — t' such 
that each T(fe+i) is obtained from T(^k^ by a diagonal exchange or by a mark rotation 
or by a reindexing of its ideal triangles. 
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Theorem 3. Given two decorated ideal triangulations t,t' £ A(S') and given two 
sequences t — T(o), T(i), . . . , r(„) — r' and t — T(o), • • • , f^n) — r' of diagonal 

exchanges, mark rotations and reindexings connecting them as in Theorem\^ these 
two sequences can he related to each other by successive applications of the following 
moves and of their inverses. These moves correspond to the relation in Lemma\^ 



(1) 


Replace . . 




P{T{k)), a o/3(T(fc)), . . . 






by . . 


T^k), 


(a/3)(r(j.-)), . . . where a, (3 ^ 6„. 


(2) 


Replace . . 


■, ^k), 


VijiTik)), Vij ° ^i]{T(k)) ■ ■ ■ 






by ■ ■ 


■, T^k), 


Oii*-*j{T(k)). 




(3) 


Replace . . 


■, Tl^k), 


fijiTik)), a O ipij{T(^^^), . . . 






by . . 


■, T^k), 


"('^(fe)); 'Pa{i)aU) 


. . where a G 6„. 


(4) 


Replace . . 


■, Tl^k), 


'PkliT(k)), Vij ° 'PkliT{k)), ■ ■ 




(5) 


by . . 


■, T^k), 


Viji^k)), Vkl ° ^ij{T{k)), ■ ■ 


. where {i, j} ^ {k, I}. 


Replace . . 


■, Tl^k), 


^iji'T'ik)), ^ik°^ij{T{k)), ^3 


k°^ik° ^i]{'''{k)), ■ ■ ■ 




by . . 


■, ^k), 


^jk{T{k)), ^ij ° ^]k{'r(k)), ■■ 


. where = p^oip^ 


(6) 


Replace . . 


■, 


Pi{T(k)), Pi O Pi{T{k)), T{k) ■ 






by . . 


^(fc), 






(7) 


Replace . . 


■, T(k), 


Pi{T(k)), Pj{T(k)), ■ ■ ■ 






by . . 


■, T^k), 


Pji'^ik)), Pi{T{k)), 




(8) 


Replace . . 


■, T(k), 


Pi{T(k)), a O Pi{T(k)), ■ ■ ■ 






by . . 


■, T(k), 


a{T(k)), Pi o at{T(^k)), 





3. Generalized Kashaev algebra 

For a decorated ideal triangulation r of a punctured surface S, Kashaev [3] 
associated each ideal triangle two numbers lnyi,\iiZi. A Kashaev coordinate is 
a vector (lnyi,lnzi, ...,lny2m,lnz2m) e M''™. 

Denote by (yi, zi, y2m, Z2m) the exponential Kashaev coordinate for the deco- 
rated ideal triangulation t. Denote by {y[, z[, ?/2m? ^2m) the exponential Kashaev 
coordinate for the decorated ideal triangulation r'. 

Definition 4 (Kashaev [9]). Suppose that a decorated ideal triangulation t' is 
obtained from another one r by reindexing the ideal triangles, i.e., r' — ^(t) for 
some a G 62m, then we define {y[, z'^) = {ya{i)-, Za(i)) for any i — I, 2m. 

Suppose that a decorated ideal triangulation r' is obtained from another one r 
by a mark rotation, i.e., r' = Piir) for some i, then we define {y'j,z'^) = {yj,Zj) for 
any j ^ i while 

{y[.z[) = C-.-). 

Suppose a decorated ideal triangulation r' is obtained from another one t by a 
diagonal exchange, i.e., t' — fijij) for some i,j, then we define (1/^,2^) — (yk^Zk) 
for any k ^ {i,j} while 

(j/i : Zj^, yj T Zj) ( — — I _ _ , I ., _ ' I „ ., ' 7~T I ) ■ 



ViVj + z.,Zj yiyj + z^Zj yiyj + ZiZj ytyj + z^zj ' 

Remark. Kashaev [2] considered instead of ipij . 

There is a natural relationship between Kashaev coordinates and Penner coor- 
dinates which is established in 9] . For exposition, see Teschner [TB] . In Appendix, 
we include the main feature of this topic. Especially, the changes of Kashaev coor- 
dinate in Definition m are compatible with the changes of Penner coordinates. 
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For a decorated ideal triangulation r of a punctured surface S, Kashaev [9] 
introduced an algebra OC^ on C generated by , , , ■■■,Y^, Z2,^, with 

Y^ , Zf associated to an ideal triangle r^, and by the relations: 

YY — YY 

ZiZj = ZjZi, 

Y,Zj = ZjY, if i ^ J, 

ZiYi = q^YiZi 

Remark. Kashaev's original definition is YiZi = q^ZiYi. We adopt our conven- 
tion to make it compatible with the quantum Teichmiiller space [13]. Kashaev's 
parameter q is our q~^. 



The algebra is the fraction division algebra of OC^ which consists of all the 
factors FG^^ with F,G £ %% and Q ^ and two such fractions FiG^^ and 
i^2G^^ are identified if there exists S*!, 5*2 G — {0} such that PiSi = P2S2 and 
QiSi = Q2S2- ^ 

In particular, when g = 1, OCf and XI respectively coincide with the Lau- 
rent polynomial algebra C[Y-^ , Z^ , ...,Y^, Z2m] and the rational fraction algebra 
C{Yi, Zi, Y2m, Z2m)- The general and XI can be considered as deformations 
ofXl and Xl. 

The algebra X'^ depends on the decorated ideal triangulation r. We introduce 
algebra isomorphisms in the following. 

Definition 5. For any numbers a, 6 G C. 

Suppose that a decorated ideal triangulation t' is obtained from another one t by 
reindexing the ideal triangles, i.e., r' = a(r) for some a G 62m, then we define a 
map a : — > by indicating the image of generators and extend it to the whole 
algebra: 

"(^/) = ^Q(i)j for any i=l,...,2m, 
Oi{Z'i) = ^a(i), for any i = 1, ...,2m. 



Suppose that a decorated ideal triangulation t' is obtained from another one t by 
a mark rotation, i.e., t' = Pi^t) for some i, then we define a map pi : UC', — > Xl^ 
by indicating the image of generators and extend it to the whole algebra: 

p,{y;) = y,, if 3^1, 

MZ'j) = Zj, if j ^ i, 
my:) = aYr^Z,, 



Suppose a decorated ideal triangulation r' is obtained from another one t by a 
diagonal exchange, i.e., r' — fijir) for some i,j, then we define a map (pij : X"^, — > 
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by indicating the image of generators and extend it to the whole algebra: 

^.,(y/)= mY, + z,Zj)-^z,, 

Remark. From the definition, when a — b = 1, we get the coordinate change 
formula in Definition [D 

Remark. Kashaev P] considered a special case of these maps when a = ,b = q. 

Proposition 6. The maps a, pi and ipij satisfy the following relations which cor- 
respond to the relations in Lemma\3i 

(1) a(3 — ao (3 for every a, (3 £ &2m; 

(2) (p^j o (p^j = a,^j; 

(3) a o if,j ^ 'Pa{i)a{j) ° a for every a G 62™; 

(4) o ipki = ifki o for {i,j} ^ {/e, I}; 

(5) // three triangles Ti,Tj,Th of an ideal triangulation r S A(S') form a pen- 
tagon and their marked corners are in the location as in Figure\^ then the 
Pentagon Relation holds: 

where uj^i, = ft, o tp^j^^ o p^; 

(6) piop.opi^ Id; 

(7) Piopj = pj opi; 

(8) aopi = p^oa for every a e 62™ ■ 

Proof (1),(3),(4),(7),(8) are obvious. 

(6) can be proved by using definition of pt easily. In fact, we assume that 

Pi II Pi I Pi 
T < — T < — T < — r. 

Then we have 

XI ^ %l„ ^ XI, ^ XI. 

To show (6) is true, we need to show that pi opi o pi sends each generator of X% 
to itself. This is true for Yj,Zj,j ^ i. We only need to take care of Yi^Zi. For 
example, we check that pi opi o piiYi) = Yi. In fact, 

Y^ aY"-'Z'' 



^ ap,(Yr')MZn = a(aYr'Z^-'Yr' = Z'-^ 

^ Mz^r' = Y,- 

To prove (2), we assume that 



-^j II ^ij I ^ij 

— T < T < T. 



Then we have 
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To show that (pij o (pij o Ui^j = Id, we need to show that it sends every generator 
of %% to itself. This is true for Yk,Zk,k ^ {hj}- We only need to take care of 
Yi, Zi.Yj, Zj. For example, we check it for Yi. In fact, 

Y. ^ Y^' 

^ {bY:Y^ + Z:Z^)-'Zi 

^ [b{bY,Y, + Z,Zj)-^Zj{bY,Yj + Z^Zj)-^Z,+ 

b^{bY,Y, + Z,Zj)-^Y,{bY,Y, + Z,Zj)-^Yj\-^^,,{Z[) 

= {b{bY,Y, + Z,Zj)-^(bq^YCY, + Z,Z.j)-^ZjZ,+ 

9{bYCYj + Z,Zj)-^{bq^Y,Y, + Z,Z,)-^q^Y,Yj\-^^,,[Z[) 

= {b[bY,Yj + Z,Zj)-^{bq^YiY, + Z,Zj)-^{^Z,Z, + bq^YCYj)\-^(p,,{Z[) 

= b-^{bY,Y,^Z,Z,)^,,{Z[) 

= b-^(bYCY, + Z,Zj)6(5r,yj + Z,Zj)-^Y, 

To prove (4) the Pentagon Relation, we need more work. As stated in Lemma 
[U the Pentagon Relation for the decorated ideal triangulation is 

'^jk O Wife O UJij = O Wjfe 

4==^ Pj O ipjk O PkO PiO ipil, O pkO piO ipij O pj = p,0 ip,j O pj O p,j O ipjk o pk 



Pj o Vjk ° Pk o PiO fik o Pk° Pl° VlJ ° Pj ° Pk ° Oij^k o fjk o Pj ° Oli^j o ip^j o pf ^ Id, 

since p^^ = pf and (^^■"'^ = cti^j o V'jj- Assmrie that 

^ ^ ^(17) ^ ^(16) ^(15) ^ ^(14) ^ ^(13) 

^(12) ^ ^(11) ^ ^(10) ^ ^(9) ^(8) ^(7) 

."^"^ .^(6) ^ T^5) ^ T^'^) T^3) 3L ^(2) ^ ^(1) T- 

Then we have 

rw-q nrq nrq Pk n>q Pk ^q 

•^^(12) -^.^(11) -^^(10) ■^7-<*') t(**) t'^) 



n>9 


Vjk Pk 


r 5 




1 ^'^ . n>q 


ft ^ , 




r(ii) -^7(1") 




.^5 


^ 3_^^ 





To verify the Pentagon Relation, we need to show that the composition of maps 
sends every generator of to itself. This is true for Yj, Zi, I ^ k}. We only 
need to take care of Yi,Zi,Yj, Zj, Yk, Zk- For example, we verify it holds for Yi. For 
simplicity the notation, in the following calculation, we do not indicate the upper 

(171 

index of generators. For example the second Yi should be Y^ 
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Y, 



Pk ^ 
Pi ^ 

Vik ^ 

Pk ^ 

pi ^ 

Vij ^ 

PJ ^ 
Pk ^ 
Pk ^ 

'ij^k 
> 

•Pjk 
P] ^ 

> 

Vij ^ 

Pi ^ 

Pi 



Y, 
Y, 
Y, 

aYr^Z, 

a[{bY,Yk + Z,Zk)-^Zt,]-H{bY,Yk + Z,Z^)-^Y, = ahZ-^Y, 

ahYuY, 

a%YkYr^Z, 

o'bYkimY, + Z,Zj)-^Zj\-^h{hY,Yj + Z,Zj)-^Y, = a'h''YkZ-^Yi 

o'b'YkY^Y, 

a^b^Y^-^ZkY.Y, 

aH^Z-%Y, 

aH^Zr^YkY, 

aH^[b{bYjYk + ZjZk)-^Yj]-\bYjYk + ZjZk)-^Z,Y, = a^bYf^Z^Y, 

abZr^Y, 

abZ-'Y, 

ab[b{bY,Y, + Z,Z,)-'Yi\-\bY,Y, + Z,Z,)-^Z, = aY'^Z, 
Y. 



□ 



Proposition 7. // a decorated ideal triangulation t' is obtained from another one 
T by an operation tt, where tt — a for some a G 62™, or tt — pi for some i, or 
TT = ipij for some i,j, then tt : — > as in Definition\B[ is an isomorphism 
between the two algebras. 



Proof, li TT — a for some a € ©2m, it is obvious that tt is an isomorphism. 

If TT — Pi for some i, we need to check that tt is a homomorphism, i.e., it preserve 
the algebraic relations (H]). The first three are obvious. It is enough to check the 
last one. Since Z^'F/ = q%'Zl, we need to show that n{Z^Y^) = q^n{Y^Zl). We 
verify this by showing 
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^ Yr^aYr^Z, = q^aYr^Z.Yr^ by Definition [5] 

^ Yr^Z, = q^Z.Yr^ 

ZiYi = q^YiZi. 

This is true. 

To show that pi is an isomorphism, it is enough to find its inverse. In fact, by 
Proposition [n)j6), we see 'p~^ ~ pi op^. 

If TT = Lpij for some we need to check that tt is a homomorphism, i.e., it 
preserve the algebraic relations H]). 

Case 1: For {fc, 1} ^ {^, j}, since ^{Y;^, Z'^,Yl , Z[) = (Ffc, Zk, Yi, Zi), therefore ^ 
preserves the relation of F^', Z'^^.Yl , Z[. 

Case 2: For fc ^ {«, j}, we consider Y^, Z'^, and F/, Z[. Now 

^^,{Z[) = h{hYCY, + Z^Z^Y^Y^. 

Since F^'F/ = F/F^', we need to check that ?f(Y^T/) = ^(F/Y^')- This is true. 
Since Z'^Z[ = Z[Z'^, we need to check that ^{Z'^Z[) = '^(Z[Z'^. This is true. 
Since Z'^Y^ = q^Y^Z'^^, we need to check that '^^Z'^Y^ = q^^iJ^Z'^^. This is true. 
Since Z[Yl = q^YlZ[, we need to check that ^{Z'^D = q'^n{Y^'Zi) which is 
equivalent to 

b{bYYj + Z,Z,)-^Y,{bY,Y, + Z,Z,)-^Z, 

= q^{bYiY, + Z,Z,)-^Z,b{bY,Yj + Z.ZjY^Y, 

^ Y,{bY,Yj + Z.ZjY^Z, = q^Z,{bY,Y, + Z,Z,)-^Y, 

^ Z,Yr\bY,Y, + Z,Z,) = q^{bY,Yj + Z,Z,)Y,Zj\ 

This is true since 

the left hand side = Zj{bYiYj + q^Z,Zj)Y-^ 
= {bq^Y,Yj+q^Z,Zj)Z,Yr^ 
= q^{bY,Y,+Z,Z,)Z,Y~^ 
= the right hand side. 
Case 3: We consider F/, Z[ and F/, Zj. 

Since F/F/ = F/F/, we need to check that tt (F/F^') = tt (F/F/) which is equivalent 

to 

{bYiY, + Z,Z,)-^Zj{hY,Y, + Z,Z,)-^Z, 

= (6F,F, + Z,Z,)-iZ,(&F,F, + Z,Z,)-iF, 
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^ Z, {bY, Yj +Z^Zj)-^ Z, = Z, {bY Yj + Z, Zj)-^ Zj 

^ ZJ- 1 {bY, Yj + Z, Zj )^{bY, Yj + Z, Zj ) ZJ ^ Z, . 

This is true since 

the left hand side = Z.,{bq-'^Y.jYj + Z,Zj)Zj^ 

= {bq-^q^Y,Yj+Z,Z,)Z,ZJ^ 
— the right hand side. 

The similar calculation is used to check that tt{Z[Z'^) = 7r(ZjZj'). 
Since F/Zj = Z^F/, we need to check that ^(^/Z^) = ^(Z'^Y/) which is equiva- 
lent to 

{bYiY, + Z,Z,)-'Zjb{bY,Yj + Z,Z,)-^Y, 

= b{bY,Y, + Z,Zj)-'Yj{bY,Y, + Z,Zj)-^Z, 

<^ Zj {bYi Yj +Z,Zj)-^ Yj = Yj {bY, Yj + ZiZj)-^ Zj 

^ YjZj\bY,Yj + Z,Zj) = {bY^iYj + Z,Zj)ZJ^Yj. 

This is true since 

the left hand side = Yj{bq-^YiYj + ZiZj)ZJ^ 

= {bq-^Y,Yj+q-^Z,Zj)YjZJ^ 
= {bq-^Y,Yj + q-^Z,Zj)q^Zr^Yj 
= the right hand side. 

The similar calculation is used to check that niYjZ'j) — TT{Z'^Yj). 

For Z'^l = q^YlZ[ and ZjF/ = q^Y^Z'j, we have done in Case 2. 

To show that ifij is an isomorphism, it is enough to find its inverse. In fact, by 
Proposition [6l^2), we see = on^j o ipij, where ai^j denotes the transposition 
exchanging i and j. □ 

Theorem 8. For two arbitrary complex numbers a,b, there is a unique family of 
algebra isomorphisms 

^l^,{a,b):%l,^3Cl 

defined as t, t' G A(S') ranges over all pairs of decorated ideal triangulations, such 
that: 

(1) KAa, b) - vl/9^,(a, b) o ^l,^..{a, b) for every r, t' , r" £ A(5); 

(2) ^'^^,(a,5) is the isomorphism of Definition\^when t' is obtained from t by 
a reindexing or a mark rotation or a diagonal exchange. 

Proof. Use Theorem [5] to connect r to r' by a sequence r = r(o), rji), . . . , r(„) = r' 
where each T(^k+i) is obtained from rjfe) by a reindexing or a mark rotation or a 
diagonal exchange, and define 5"'^, (a, b) as the composition of the ^ t ^+1) 
Theorem [3] and Proposition [6] show that this ^'^ > is independent of the 

(fc) (fc-j-l) 

choice of the sequence of r^k) ■ 

The uniqueness immediately follows from Theorem [2l □ 
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The generalized Kashaev algebra 3C|(a, 6) associated to a surface S is defined as 
the algebra 

where the relation ^ is defined by the property that, for X e X^{a,b) and X' e 
K,ia,b), 

X ^ X' ^X = ^l ^,{a,b)iX'). 

4. Kashaev coordinates and shear coordinates 

To understand the quantization using shear coordinates and the quantization 
using Kashaev coordinates, we first need to understand the relationship between 
these two coordinates. 

4.1. Decorated ideal triangulations. Given a decorated ideal triangulation r, 

by forgetting the mark at each corner, we obtain an ideal triangulation A. We call 

A the underlying ideal triangulation of r. let Ai, A2, Aa^ be the components of 

ideal triangulation A. Denote by n, .., T2m the ideal triangles. 

For the ideal triangulation A, we may consider its dual graph. Each ideal triangle 
corresponds to a vertex r* of the dual graph. Denote by A^, A2, A^^ the dual 

edges. If an edge Aj bounds one side of the ideal triangles and one side of r^, 

then the dual edge A* connects the vertexes r* and t* . 

In a decorated ideal triangulation r, each ideal triangle (embedded or not) 

has three sides which correspond to the three half-edges incident to the vertex r* 

of the dual graph. The three sides are numerated by 0, 1, 2 in the counterclockwise 

order such that the 0— side is opposite to the marked corner. 

4.2. Space of Kashaev coordinates. Let's recall that a Kashaev coordinate asso- 
ciated to a decorated ideal triangulation r is a vector (In y 1 , In 01 , . . . , In j/2m ; In -22to ) G 
M'*™, whore Iny^ and \nZf, arc associated to the ideal triangle t^. Denote by 3Cx 
the space of Kahsaev coordinates associated to r. We see that %t = M^™. 

Given a vector {\nyi,lnzi, ...,\ny2mA^Z2m) G 3Ct-, we associate a number to 
each side of each ideal triangle as follows. For the ideal triangle t^, we associate 

Inh^ :— Iny^ — Inz^ to the 0-side; 
In /i^ := In to the 1-side; 
In/i^ := —Iny^ to the 2-side. 

Therefore In /i° +lnhl + In hf^ = 0. We can identify the space Xr = M^" with a 
subspace of K^™ = {(..., In/i°,ln/ii,ln/i2, ...)} satisfying In + In hj, + In hi = 

for each ideal triangle t^. 

4.3. Exact sequence. The enhanced Teichmiiller space parametrized by shear 
coordinates is Tx = IR^'" = {(In xi. In 0:2, Inxsm)}, where Inxi is the shear coor- 
dinate at edge Aj. We define a map /i : — > R by sending (lna;i,lna;2, ...,lna;3TO) 
to the sum of entries '}2^=i 1^ ^« • 

Suppose A is the underlying ideal triangulation of the decorated ideal triangula- 
tion T. We define a map /2 : Xr ^ Ta as a linear function by setting 

In Xi = lnhl^ + In /i* 
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whenever Ai bounds the s— side of and the side of {ji may equal v), where 
s,i G {0,1,2}. 

Another map : Hi (S, M.) Xr is defined as follows. A homology class in 
Hi{S, M) is represented by a linear combination of oriented dual edges: c^A*. 
If the orientation of A* is from the s— side of to the t— side of Tj/, by setting 
Inft,^ = —Ci and Inh^ = q, we obtain a vector (..., In , In /i^, In /i^, ...) G K.®™. 

The boundary map of chain complexes sends J2iZi CjA* to a linear combination of 
vertexes. In this combination, the term involving the vertex r* is {ciCi + Cjej + 
Ckik)T^ where A;, Aj, A^ (two of them may coincide) bound three sides of and 
et = — 1 if Aj starts at the side of bounded by Aj while Cf = 1 if Aj ends at the 
side of Tfj, bounded by At- Therefore 

{ciCi + CjCj + Ckek)T* = (In /i° +lnhl + In /i^)t*. 

Since the chain c^A* is a cycle, we must have In + In hj^ + In hf^ — 0. 

Therefore this vector (...,ln/i^,ln/i^,ln/i^, ...) is in the subspace Xr- 
Combining the three maps, we obtain 

Theorem 9. The following sequence is exact: 

^ Hi{S,m) ^Xr ^Jx^R^O. 

Proof. The map fs is injective. In fact, if the homology class represented by 
"^i^iCiX* is mapped to the zero vector in Xr, then, for each i = l,...,3m, we 
have |cj| = |ln/i^| = 0, where Ai bounds the s— side of r^. Therefore it is a zero 
homology class. Thus the sequence is exact at Hi{S,M.). 
Suppose (...,ln/i°,ln/i^,ln/i^,...) e Im^f^), i.e., 

3m 

{...MhlMhlXnhl,...) = f^iY^c^K). 

For any edge Aj bounds the s— side of and the side of r^, we have 
In Xi = In /i* + In /i* = icj =F Q = 0. 

Thus (...,ln/7;,ln/i^,ln/i^, ...) G Ker{f2). Therefore /m(/3) C Kerifz). 

On the other hand, we claim Imi^fz) 3 Ker{f2)- In fact, given a vector 
(...,ln/i°,ln/i^,ln/i^, ...) G Ker{f2), we can reverse the process of the definition 
of /a to obtain a homology class in Hi{S,M.). To be precise, since the vector is in 
the kernel of /2, we have In/i* + In/i* =0 for each edge Xi bounds the s— side of 

and the side of Tv An orientation of A* can be given as follows. 

When In/i* > 0, the dual edge A* runs from the s— side of r^^ to the side 

of T„. 

When In/i^ < 0, the dual edge A| runs from the t— side of to the s— side 

of T^. 

When In /i* = 0, A* is oriented in either way. 

Consider the one dimensional chain X^ilTi I l^i^^l^^*! where A^ bounds the ,s— side 
of Tfj,. This chain turns out to be a cycle. In fact, the boundary map sends this 
chain to a zero dimensional chain in which the term involving the vertex r* is 

(|ln/i°|eo + |ln/i;,|ei + |ln/i^|e2)T; 
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where = ±1 and es = sig7i(ln/ip • 1 if In/ij^ ^ for s E {0, 1, 2}. Thus 
(I In hl\eo + I In /ji |ei + I In hl\e,)T; = (In + In /i^ + In hl^; = 0. 

This cycle defines a homology class. 

The argument above shows Im(f^) — Ker{ f2), i.e., the sequence is exact at UC^. 

Now dimis:er(/2) = dim/TO(/3) = dimi/i(5',M) = 2g + p - 1 = m + I. Thus 
dim/m(/2) = dimJC,- — dimiirer(/2) = 4m — (m + 1) = 3m — 1. Since 

3m 

Ker{fi) = {{xi,X2, xsm)! ^ a;^ = 0} 

is a subspace of dimension 3m — 1, then /m(/2) = Ker(fi), i.e., the sequence is 
exact at Ta. 

It is easy to see that /i is onto. Therefore the sequence is exact at M. 

□ 

Remark. From the theorem above, we see that JCr is a fiber bundle over the space 
Ker{fi) whose fiber is an affine space modeled on Hi{S,R). To be precise, given a 
vector s e Ker{h), let v G f2^{s). Then f2^{s) = v + iJi(5,R). 
Remark. There is an exact sequence relating space of Kashaev coordinates and 
decorated Teichmiiller space. See Proposition [21] in Appendix. 



4.4. Relation of bivecotrs. Consider the linear isomorphism 

(2) M -.Xr > %r 

(lnj/i,lnzi, ...,lnj/2m,lnz2m) i — > (..., In , In /i;^, In /i^, ...). 

Proposition 10. // (Inxi, lnx2, Inxa^) = /2 o M(ln j/i, In zi, Iny2m, In 2;2m), 
then 

E ^ T^ = (-^2)* ° M^Y. ^ 7^^ )' 

^-^ oinxi oinxi '^^omi/n oinzu 

= l ■' Ai=l 

where cr^- = a^j — a^^ and a^- is the number of corners of the ideal triangulation A 
which is delimited in the left by Xi and on the right by Xj . 

Proof. By definition we have 

(9 d d d d d d 



'91nyp 91nzp d\nh^ dlnhj^ dlnhj^ dlnh'^ dlnh'j^ d\nhj^ 

Assume that the edges A;, Xj, Xk (two of them may coincide) bound the 0— side, 
1— side and 2— side of the ideal triangle respectively. 
By definition of map /2, we have 

9 d d d d ^ \ 

d d d d d d 

A TT^ h TT^ A h TTl A 



dlnxi dhiXj dlnxj dhiXk dlnx^ dlnxi 



QUANTUM TEICHMULLER SPACE AND KASHAEV ALGEBRA 



15 



Therefore 



2m 



(/2)*oAf,(^ 



9 In 



2m 

^=1 



9 In:; 



9 In: 



a In; 



9 In; 



d 



d 



A 



d 



d In Xk d In Xk d In x 



-) 



where A^, Aj, A^ bound the 0— side, 1— side and 2— side of 



3 m 



5 



d 



*^91n: 



9 In a; j 



□ 



Remark. There is a relationship between a differential 2-form in Kashaev coordi- 
nates and the Weil- Peterson 2-forni in Pcnner coordinates. See Proposition in 
Appendix. 




Figure 3. 




4.5. Compatibility of coordinate changes. The coordinate change of shear 
coordinates are given as 

Proposition 11 ( 13J Propositions). Suppose that the ideal triangulations X, X' are 
obtained from each other by a diagonal exchange, namely that X' — Ai{X). Label the 
edges of X involved in this diagonal exchange as Xi, Xj, Xk, Xi, Xm as in Figure\^ If 
(xi, X2, . . • , Xn) and {x[, x^, ■ ■ ■ , x'^J are the exponential shear coordinates associated 
X and X' of the same enhanced hyperbolic metric, then x'f^ = Xh for every h ^ 
{i, j, k,l,m} , x'i — x^^ and: 

Case 1: if the edges Xj, Xk, Xi, A„i are distinct, then 

x'j = (1 + Xi)x.j x'k = (1 + x:['^y^Xk x'i = {1 + Xi)xi = (l-f x~'^)~'^Xjn] 

Case 2: if Xj is identified with Xk, and A; is distinct from Xm, then 

Xj — X^Xj X^ — (1 Xi^Xl •^rn (-^ ^ "^i ) i 

Case 3: (the inverse of Case 2) if Xj is identified with Xm, o,nd Xk is distinct 
from Xi, then 

Xj = XiX-j x'k = (1 + x^^y^Xk a;; = (1 -f Xi)xi; 

Case 4: if Xj is identified with Xi, and Xk is distinct from A,„, then 



x'j = (1 + Xi)^Xj x'k = (H- ^) ^Xk 



(l + xrY'xr. 
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Case 5: (the inverse of Case 4) if is identified with Am, and Xj is distinct 
from Xi, then 

x'^ = (1 + Xi)Xj x'fe = (1 + X~^)"^Xfc x[ = {1+ Xi)xi] 

Case 6: if Xj is identified with Xk, and Xi is identified with Xm (in which case 
S is a 3-times punctured sphere), then 



Case 7: (the inverse of Case 6) if Xj is identified with Xm, and Xk is identified 
with Xi (in which case S is a 3-times punctured sphere), then 



Case 8: if Xj is identified with Xi, and Xk is identified with Xm (in which case 
S is a once punctured torus), then 

x'j = (1 + Xifxj x'k = (1 + X~^Y'^Xk- 

Proposition 12. Suppose that the decorated ideal triangulations t and r' have 
the underlying ideal triangulations X and X' respectively. The following diagram is 
commutative: 

7x 3<:, 



Ta' < — ^ — "Xr' 

where the two vertical maps are corresponding coordinate changes. The coordinate 
changes of Kashaev coordinates are given in Definition [7} The coordinate changes 
of shear coordinates are given in Proposition 

Proof. For a reindexing, the conclusion is obvious. For a mark rotation, the con- 
clusion is easily proved by definition. For diagonal exchange, we need to check 
the eight cases in Proposition [TlJ For instance, we verify Case 4. As in Figure [3l 
through maps /2 and M , we may identify 



Xfc — Xi. 



VuV. 



— 



for some s, i G {0, 1, 2}. 



x' -z'h' 

•^m ^jy"?) 



Then we have 



And 



^^.{x'j) = = (^^^- + ^^^-)' = (1 + y^fz.z, = (1 + x^x,. 

y^Ul/ Z^Zu Z^Zu 
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And 

= ^,A^',)hl = -hi = {l+xrY'x,. 

It is same for x'^ due to the symmetry of ^,,1/. 

□ 

Remark. The compatibihty of coordinate changes of Kashaev coordinates and 
Penner coordinates is given in Appendix Propostion l23l 

5. Relationship between quantum Teichmuller space and Kashaev 

ALGEBRA 

In this section, we establish a natural relationship between the quantum Te- 
ichmiiller space T|. and the generalized Kashaev algebra 3C|(a, h). 

5.1. Homomorphism. For a decorated ideal triangulation t of a punctured sur- 
face S, Kashaev [9] introduced an algebra %% on C generated by , Zf, i 
Z^, Fjm' -^^n' with Y^.Zf associated to an ideal triangle r^, subject to the 
relations ([T]). 

For a ideal triangle r^, we associate three elements in !}C^ to the three sides of 
as follows: 

i/o Y^,Z~^ to the 0-side; 
:— Z^ to the 1— side; 

H^fi := Y^^ to the 2-side. 

Lemma 13. For any s, t G {0, 1, 2} and fi ^ 1,2,..., 3m, 

where agt + fts — and cio — (To2 — <^2i = 1- 

Proof. When (s, t) = (1, 0), we have H'^ = Z^ and Hf^^Y^Z-^. Thus 

H^Hl - z^Y^z;' = q^Y^z-^z^ = q^Hln;. 

When (s, t) = (0, 2), we have iJ^ = Y^,Z-^ and iJ* = Y-^. Thus 

h;hI - = q^Y-%,z-^ ^ q^HlH;. 

When (s, i) = (2, 1), we have H"^ = Y'^ and = Z^,. Thus 

□ 

Suppose A is the underlying ideal triangulation of r, the Chekhov-Fock algebra 
is the algebra over C defined by generators ATj^^, X^^ , . . . , X^^ associated to 

the components of A and by relations XiXj = q XjXi. 

We define a map Fr : 71 ^ by indicating the image of the generators and 
extend it to the whole algebra. Suppose that the edge Ai bounds the s— side of 
and the side of t^. We define 



(3) 
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where ats is defined in Lemma 1 131 and J^j/ is the Kronecker delta, i.e., 6^f_i ~ 1 
and b^iv = Q \i [i ^ v. When /i = Xi is well-defined, since 

due to Lemma [T3l 

This definition is natural since when g = 1 we get the relationship between 
Kashaev coordinates and shear coordinates which is given by the map M and /2. 
In fact when q = 1 then generators Y^, are commutative. They reduce to the 
geometric quantities j/^, associate to r^. and Xi are reduced to /i^ and Xi. 

Lemma 14. The map _FV : T' ^ %% is a homomorphism. 

Proof. It is enough to check Fr{Xi)Fr{X-j) = q^'^^^ Fr{Xj)Fr{Xi) for any elements 
Xi and Xj. Assume the edge Ai bounds the s— side of and the t— side of t„ while 
the edge \j bounds the /c— side of and the side of r^,. 

If {/i, n {C, '7} = 0, then Fr{Xi) commutes with FT-{Xj). On the other hand, 
cr/!, — 0. The statement holds. 

If (/i, i^, C, f?) = (Mi Mi A^i m)i then Xi = Xj. The statement holds. 

If (Ai,i^,C,7?) = (a^iMiM,??),/^ 7^ then = q'^'^H'^H^ and - 

ff^ff^. Thus by Lemma UHl we have 

FriX,)FriX,) = q^<'''^^+^^^^FriX,)Fr{X,) = Fr{Xj)Fr{Xi) = q^< Fr{X j)Fr{X,) , 

due to a^, = 0. 

''J 

If {f^,>^,C,v) = {i^iV,v,r]),^i ^ iy,^ ^ 7y,iy ^ 7y, then Fr{Xi) ^ Hf^Hl and 
Fr{Xj) ^ H^Hlj. Thus by Lemma UHl we have 

Fr{Xi)Fr{X,) = q^''*^Fr{Xj)Fr{Xi) = q^< Fr{X ,)Fr{Xi) . 

If (M,i^,C,??) = (m,'^,M,'^),M ^ then F,(XO = and Fr{X,) = i/^TJ^. 

Thus by Lemma [T51 we have 

Fr{X,)Fr{Xj) = q^'^^^-+^"^Fr{X,)Fr{X,) = (^^. (^^) , 

□ 

5.2. Compatibility. Chekhov- Fock algebra T| has a well-defined fraction division 
algebra T'. As one moves from one ideal triangulation A to another A', Chekhov 
and Fock [3 [HI [5] (see also [T^) introduce coordinate change isomorphisms : 

Proposition 15 ( [13) Proposition 5). Suppose that the ideal triangulations \, A' 
are obtained from each other by a diagonal exchange, namely that A' — Ai(A). Label 
the edges of X involved in this diagonal exchange as Xi, Xj, Xk, Xi, Xm as in Figure 
O Then there is a unique algebra isomorphism 

such that X'l^ ^ X^ for every h ^ {i, j, fc, I, m}, X[ i-^ X^^ and: 
Case 1: if the edges Xj, Xk, Xi, A„i are distinct, then 

^{1 + qXi)X, X'k^{\ + qXr^^Xk 
X[ (1 + qXC)Xi X;„ (1 + qXr^Y^X,^; 
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Case 2: if Xj is identified with \k, and A; is distinct from Xm, then 

x!j ^ x,x, x[ (1 + qx,)Xi x;„ (1 + qXr^Y^X,^ 

Case 3: (the inverse of Case 2) if Xj is identified with Xm, and Xk is distinct 
from Xi, then 

X'j^X.Xj X'^^ {1 + qXrY'Xk Xl^{l + qX,)Xi 

Case 4: if Xj is identified with A;, and Afe is distinct from Xm, then 

X'j ^ il + qX,){l + q^X,)Xj 

Xi ^{1 + qXrY'Xk X'^^{1 + qXrY'Xm 

Case 5: (the inverse of Case 4) if Xk is identified with Xm, and Xj is distinct 
from Xi, then 

^ (1 + qX,)Xj X[ ^ (1 + qX,)Xi 

XI ^ (1 + qXr^)-\l + q^Xr^r^Xk 

Case 6: if Xj is identified with Xk, and A; is identified with Xm (in which case 
S is a 3-times punctured sphere), then 

X'j^X^Xj X'l^X^Xi; 

Case 7: (the inverse of Case 6) if Xj is identified with Xm, and Xk is identified 
with Xi (in which case S is a Z-times punctured sphere), then 

Xj t-^ XiXj X'f. XiXk] 

Case 8: if Xj is identified with Xi, and Xk is identified with Xm (in which case 
S is a once punctured torus), then 

X'j ^ il + qX,)il + q^X,)X, 

X', ^ (1 + <zXri)-i(l + q^XrY'Xk 

Recall that is the fraction division algebra of OC^. The algebraic isomorphism 
between and 3C^, is defined in Definition [5] 

Lemma 16. Suppose that a decorated ideal triangulation t' is obtained from r by 
a mark rotation for some /i G {1, 2, 2m}. Let X be the common underlying 
ideal triangulation of r and t' . The following diagram is commutative if and only 
ifa = q-'^. 

71 — ^ XI 



Id 



71 OCl, 

Proof. It is enough to check FT-{Xi) — Pp, o FT-'{Xi) holds for any generator Xi. 

If Xi does not bound a side of the ideal triangle r^, then Fr{Xi) — Pf^ o Fr'{Xi) 
holds automatically. 

Suppose Xi bounds the s— side of and the t— side of t^. If p =/= i>, then Xi 
bounds the (s + 2)(modulo 3)-side of r/, and the t-side of r;;,. Then F^(Xj) = H^^Hl 
and Fr'{X,) = H'^f+^Hl. To show F^iX,) = Pf, o Fr^xi) is enough to show that 
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li fi = ly, then then Xi bounds the (s + 2) (modulo 3)-side of and the (t + 
2)(modulo 3)-side of t^. Then Fr{Xi) = q'^^'W^Hl and Fr'{Xi) = q"^^' H'^+'^ H'^+'^ . 
To show Fr{X{) = o Fr'{Xi) is enough to show that Hj[ = p^i{H'^+'^) for s G 
{0,1,2}, since t e {0,1,2}. 

When s = 0, we have = Y^Z'^ and H'^+'^ = Y/^-\ Now 

Y^z;'^a-'z;% 

^fiYfi = a ^Y^Zf^ 
a = q^^. 

When s = 1, we have Hf, = Z^, and H'f+^ = Y'Z'-\ Now 

' f-L H' l-L fl fJ, 

Z^=p^{YlZ'-^) 
Z^j = oY^ ^ZyY^ 
= aq^Z^, 
a =^ q^^ ■ 

When s = 2, we have = Y-^ and H'i^+^ = Z'^. Now 

Y~\ 

This holds automatically. 

□ 






Lemma 17. Suppose that a decorated ideal triangulation r' is obtained from t 
by a diagonal exchange ^p^^. Let A and X' be the underlying ideal triangulation of 
T and t' respectively. Then X' is obtained X by a diagonal exchange with respect 
to the edge Aj which is the common edge of and . The following diagram is 
commutative if and only if b = q'^ . 

^ %% 

Proof. First we show that b — q'^ is necessary. As in Figure SI ^,v,rj are different. 
We have Fr{X^) = Y^Z-'^Y^Z'^ and Fr{Xj) = i/^Z^, for some s G {0, 1, 2}. And 




QUANTUM TEICHMULLER SPACE AND KASHAEV ALGEBRA 



21 




Figure 4. 



Fr'{Xj) = H-ljY^ ^. That the diagram is commutative impHes 

^ ^^AH'X^') - + qXi}Xj) 

^ H^iibY^Y, + Z^Z,)-^Z,]-' = (1 + qY^Z-'Y,Z-')H,]Z^ 

^ bY^Y, + Z^Z, = Z,{\ + qY^Z-^Y,Z-^)Zf, 

= Z^Z, + q^Y, 
^ b^q^. 

In the foUowing we show 6 = is also sufficient. There are eight cases in 
Proposition [TSl to check. For instance, we verify Case 4. By definition, We have 

Fr{Xi) = Y^Z^ ^YyZ^ ^ Fr'{Xi) = Y^Z'^ ^Y^Z^ ^ 

Fr (x,) = z^z, F,. (x,) - ' 

Fr (Xk) - Y-'H^ Fr> [Xk) - Z'^Hl 

Fr{X„i) = Y^^Hj^ Fr'{X,n) ^ ZlHl^ 

for some s, i G {0, 1, 2}. 
Then we have 

o Fr^iX,) - ^^AY;,Z'-'YIZ'-') 

= {bY^Y, + Z^Z.Y^Z, b-'Y-\bY^Y, + Z^Z,) 

{bY^Y, + Z^Z„)-'Z^ b-%-\bY^Y„ + Z^Z,) 
= b-^{bY^Y, + Z^Z,)-^Z,Y-^Z^Y-HbY^Y, + Z^Z,) 
= b-^^ibY^Y, + Z^Z,)-\bq%Y, + q^Z^Z,)Z,Y-'Z^Y-' 
= b-\^Z,Y-'Z,Y-^ 
= b-^q'^Z^Y-'Z^Y-' 



= b-^q'Fr{Xr^) 
= b-^q^FroX{X,) 
= FroA,iX,) 

due to the assumption that b — q^. 
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And 



And 



- Z-\bY,,Y, + Z^Z,)Z-HbY^Y, + Z^Z,) 
= ibZ-%Y,Z-' + l){bY^Y, + Z^Z,) 

= + \){hY^:Y,ZZ^ Z'^ + 

= {qY,,Y„ZZ^Z-^ + \){q^Y^Y,ZZ^Z-^ + 1)Z^Z, 
= (1 + + q'-Fr[Xi))Fr[Xi) 

= F,((l + gX,)(l + g'^X,)X,) 
= F,oA,(X,). 

^^1/ o -FV'(^/c) = iPi^vi.Z'^H'' 

= + Y-^Y-^Z^Z,)\-^Y^Hl 

= b{b + Y-^Y-^Z^Z„)-^Y-^Hl 
= b{b + q^Z^Z,Y-'Y-^)-^Y-^Hl 
= (1 + qZ^Z,Y-^Y-^)-^Y-^Hl 
= {I + qFr{Xi)-^)FAXk) 
= Fr{{l + qXr^)Xk) 

= FroA,{Xk). 

It is same for X^-^ due to the symmetry of /i, j/. □ 

Theorem 18. Suppose the decorated ideal triangulations t and t' have the underly- 
ing ideal triangulations X and X' respectively. The following diagram is commutative 
if and only if a = q~^ ,b = q^ . 
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Proof. By Theorem [2l r and r' are connected by a sequence r = T(o), r(i), . . . , 
T(„) = r' where each Tf^k+i) is obtained from T(j,) by a reindexing or a mark rotation 
or a diagonal exchange. For a reindexing, the diagram is always commutative. 
By Lemma [16] and 1171 the the diagram is always commutative if and only if a = 
g-2,6 = g3. □ 

Recall that the quantum Teichmiiller space of S is defined as the algebra 

^AeA(S) ^ 

where the relation ~ is defined by the property that, for X G and X' e T^,, 

X ^ X' ^ X = yiX'). 
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And the generalized Kashaev algebra 3C|(a, b) associated to a surface S is defined 
as the algebra 

^reA(5) ^ 

where the relation ^ is defined by the property that, for X E 3Cl{a,b) and X' € 
Xl,{a,b), 

X ^ X' ^ X = -i'l^^,ia,b){X'). 

Corollary 19. The homomorphism _FV induces a homomorphism T| — > 3Cg(a, 6) 
if and only if a = q^^ ,b = . 

5.3. Quotient algebra. Furthermore, consider the element 

H = q-^^<.^^.XiX2...X3ra G 

ft is proved in T3] (Proposition 14) that H is independent of the ideal triangulation 
A. Therefore _ff is a well-defined element of the quantum Teichmiiller space T^. 

Theorem 20. The homomorphism Fj- induces a homomorphism 

7l/{q-^^H)^%%{q-\q^) 

where {q~^"^H) is the ideal generated by q^^"^H . 

Proof. We only need to show that Fr{q^^"^H) = f for any arbitrary decorated ideal 
triangulation t. In fact 

Fr{XiX2...X3„^) = q'-^^^Hl\Hl\...q'-^^'^^^Hll2H'jt::^. 

where the edge \i bounds the s^— side of r^^ and the ti— side of t^^ for i = 1, 3m. 

Since 7?^ and iJ* are commutative when /i ^ i/, we may collect the terms indexed 
by the same ideal triangle by commutating the terms indexed by different ideal 
triangles. The right hand side of the above identity is equal to 

2m 

where is the product of terms involving the ideal triangle t^. 

Case 1. If is embedded, then = HJ^H^H*^, where {r, s, t} — {0, 1, 2}. 

When (r, s, t) is an even permutation of 0, 1, 2, we have = 1. 

Suppose the r— side, the s— side and the t— side of are bounded by edges 
Xi, Xj and respectively. Then i < j < k since this order is preserved when 
we commutate the terms indexed by different ideal triangles. Denote by cr,^- the 
number of corners of delimited by A^ from the left and delimited by Xj from the 
right minus the number of corners of delimited by Xj from the left and delimited 
by Xi from the right. Then 

Therefore 

p^ = l^q'+<+-^.+<. 
When (r, s,t) is an odd permutation of 0, 1, 2, we have P^ — q^ . And 
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Therefore 



P, = q' = 



Case 2. If is not embedded, then = q"^- Hl^Hf^Hl or = q'^'^ H^H'^Hl. 
When (r, s, i) is an even permutation of 0, 1, 2, we have P^ = 1 — q- When (r, s, t) 
is an odd permutation of 0, 1, 2, we have P^ = q~^ ■ q^ = q. And we always have 



Therefore 



P„ = q ^ q^+<+-:.+< 



Combining the two cases, we obtain 

2 m 2 m 

/.f.— 1 /J.— 1 

Thus P^(g-2'niJ) = 1. □ 



Appendix: Kashaev coordinates and Penner coordinates 

We review the relationship of Kasheev coordinate and Penner coordinates fol- 
lowing [2] and [TB] , 

A decorated hyperbolic metric (d, r) on S, introduced by Penner [15] , is a complete 
hyperbolic metric d so that each end is cusp type and each cusp Ci is assigned a 
positive number . The decorated Teichmiiller space is the space of isotopy class of 
decorated hyperbolic metrics. For each decorated hyperbolic metric {d,r), at each 
cusp Ci, there is a horocycle with boundary length Under a decorated hyperbolic 
metric, each edge of an ideal triangulation of a punctured surface S is realized as a 
geodesic running from one puncture to another. Penner coordinate S{e) at an edge 
e is the signed distance between two horocycles bounding cusps Ci and Cj if the edge 
e runs from Ci to Cj. Denote by 7\ the decorated Teichmiiller space parameterized 
by Penner coordinates associated to the ideal triangulation A. 

Let r be a decorated ideal triangulation with the underlying ideal triangula- 
tion A. Let 3Cr — IR'*™ ~ {(ln?/i, In zi, Iny2m, In Z2m)} be the space of Kashaev 
coordinates. There is a map f :7\ ^ %r defined as follows. 

For an ideal triangle (embedded or not) with a marked corner, there are three 
sides which correspond to the three half-edges incident to the vertex r* of the dual 
graph. The three sides are numerated by 0, 1, 2 in the counterclockwise order such 
that the 0— side is opposite to the marked corner. Denote by A^,A^,A| the edges 
(two of them may coincide) bounding the three sides of t^. We define 

= ehi^iK)-^iK)) ^ z, = e5('5(^2)-'5W)). 
Proposition 21 (Kashaev [3]). The following sequence is exact: 

1 — > M+ — y7x^%r — > H\S,R) — > 0. 

Proposition 22 (Kashaev [9j). // (In yi , In zi , Iny2m, In 2:2m) = /(<5(Ai), (5(A3„i)), 
then the two 2-forms are equal: 

2m 2m 

^dlny^ Adlnz^ = f* C^{dS{X^) A dSiXj) + d5{Xj) A d5{Xk) + dS{Xk) A dS{X^)), 
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where Ai,Aj,Afe are edges bounding the three sides of in the counterclockwise 
order. 

Proposition 23 (Kashaev [9]). Suppose that the decorated ideal triangulations t 
and t' have the underlying ideal triangulations A and A' respectively. The following 
diagram is commutative: 

7\ — - — > %r 



where the two vertical maps are corresponding coordinate changes. The coordinate 
changes of Kashaev coordinates are given in Definition 




Figure 5. 



Proof. For a reindexing, the conclusion is obvious. For a mark rotation, the conclu- 
sion is easily proved by applying the definition of (y^, Zi). For a diagonal exchange, 
we need to use the famous Ptolemy relation for Penner coordinates. 

In Figure[5l denote by a, 6, c, d, I and m the Penner coordinates of the correspond- 
ing edges. If the ideal triangles are not embedded, some of the numbers a, 6, c, d 
may equal. The Ptolemy relation is 

gi(i+m) ^ gi(a+c) gi(6+d) 

which holds in spite of whether the ideal triangles t^, Tj are embedded or not. 

We show the relation between (yi, Zi,yj, Zj) and {y[, z^^y'^, z'^) in Definition [4] 
holds. In fact, 

z,- est''-') 

(by definition) 



(by Ptolemy relation) 



The same calculation can be used to verify the formula of z[, y^, z'y 



□ 
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